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HYPERSURFACES ACHIEVING THE HOMMA-KIM
BOUND
ANDREA LUIGI TIRONI
Abstract. Let Xn be a hypersurface in Pn+1 with n ≥ 2 defined
over a finite field. The main result of this note is the classification,
up to projective equivalence, of hypersurfaces Xn as above with-
out a linear component when the number of their rational points
achieves the Homma-Kim bound.
1. Introduction
In a series of papers [5, 6, 7], Homma and Kim settled the Sziklai
conjecture [12] for plane curves. In particular, as a consequence of their
results one can deduce that for any plane curve C of degree d over a
finite field Fq of q elements without Fq-linear components, the number
Nq(C) of Fq-points of C is bounded by Nq(C) ≤ (d − 1)q + 2 and
equality holds if and only if d = q = 4 and C is projectively equivalent
to the plane curve
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In [8] the authors establish also an upper bound for the numberNq(X
n)
of Fq-points of a hypersurface Xn ⊂ Pn+1 of degree d and dimension
n ≥ 2 which is an analogous to their bound for a plane curve. Moreover,
they show that their bound
Θd,qn := (d− 1)qn + dqn−1 + qn−2 + · · ·+ q + 1
is the best one for hypersurfaces without Fq-linear components that is
linear on their degrees, because, for each finite field, they give three
nonsingular surfaces of different degrees that reach their bound.
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2 ANDREA LUIGI TIRONI
In line with the above results for plane curves we characterize, up
to projective equivalence, all the hypersurfaces Xn ⊂ Pn+1 without Fq-
linear components which reach the Homma-Kim bound Θd,qn by proving
the following
Theorem 1. Let Xn ⊂ Pn+1 be a hypersurface of degree d ≥ 2 and
dimension n ≥ 2 defined over Fq and without Fq-linear components.
Then Nq(X
n) ≤ Θd,qn and equality holds if and only if d ≤ q + 1 and
one of the following possibilities occurs:
(1) d = q + 1 and Xn is a space filling hypersurface
(X0, ..., Xn+1) A
t(Xq0 , ..., X
q
n+1) = 0,
where A = (aij)i,j=1,...,n+2 is an (n + 2) × (n + 2) matrix such
that tA = −A and akk = 0 for every k = 1, ..., n+ 2; moreover,
Xn is nonsingular if and only if detA 6= 0;
(2) d =
√
q+ 1 and Xn is projectively equivalent to a cone over the
nonsingular Hermitian surface
X
√
q+1
0 +X
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q+1
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q+1
2 +X
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q+1
3 = 0;
(3) d = 2 and Xn is projectively equivalent to a quadric hypersur-
face
X0(a0X0 + ...+ an+1Xn+1) +X1(b0X0 + ...+ bn+1Xn+1) = 0,
with ai, bi ∈ Fq, which is nonsingular if and only if n = 2 and
det
(
a2 a3
b2 b3
)
6= 0.
Finally, as a consequence of this result, in the nonsingular case we
deduce the following
Corollary 2. Let V ⊂ Pn+1 be a nonsingular hypersurface of degree
d ≥ 2 and dimension n ≥ 2 defined over Fq. Then Nq(V ) ≤ Θd,qn and
equality holds if and only if one of the following cases occurs:
(a′) n is even and V is a space filling hypersurface
(X0, ..., Xn+1) A
t(Xq0 , ..., X
q
n+1) = 0,
where A is an (n + 2) × (n + 2) matrix such that tA = −A,
detA 6= 0 and akk = 0 for every k = 1, ..., n+ 2;
(b′) n = 2 and V is projective equivalent to the Hermitian surface
X
√
q+1
0 +X
√
q+1
1 +X
√
q+1
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√
q+1
3 = 0;
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(c′) n = 2 and V is projective equivalent to the hyperbolic quadric
surface
X0X1 −X2X3 = 0.
Note. After this paper was written, the author discovered that in [10]
Homma and Kim characterize all the surfaces in P3 without Fq-lineal
components which reach their bound Θd,q2 by proving Theorem 1 for
n = 2. Although the approach in [10] seems only slightly different to
that of this note, for completeness we preferred do not omit the proof
of this case.
Acknowledgements. The author would like to thank Antonio Laface
for his kind and constant encouragement and for many interesting dis-
cussions about algebraic geometry and the referee for useful remarks
which allow him to improve the presentation of this paper.
2. Notation and preliminary results
Let Xn ⊂ Pn+1 be a hypersurface of degree d ≥ 2 and dimension
n ≥ 2 defined over a finite field Fq of q elements, with q = ps for some
prime number p and an integer s ∈ Z≥1. Denote by Nq(W ) the number
of Fq-points of a set W ⊆ Pn+1, by W (Fq) the set of Fq-points of W
and by W ? the set of all hyperplanes Pn ⊂ Pn+1 containing the linear
span 〈W 〉 of W . Recall that for any N ∈ Z≥1 we have
Nq(PN) = qN + qN−1 + · · ·+ q + 1.
In this section, we give some remarks and preliminary results which
will be useful to prove Theorem 1.
Remark 3. By definition, Θd,qn ≤ Nq(Pn+1) if and only if d ≤ q + 1.
Proposition 4. Let Xn ⊂ Pn+1 be a hypersurface of degree d ≥ 2 and
dimension n ≥ 2 defined over Fq. If Nq(Xn) = Θd,qn , then d ≤ q + 1
and equality holds if and only if Nq(X
n) = Nq(Pn+1), i.e. Xn is a space
filling hypersurface of Pn+1.
Proof. Since Xn ⊂ Pn+1 and Nq(Xn) = Θd,qn , we see that
Θd,qn = Nq(X
n) ≤ Nq(Pn+1).
Thus by Remark 3 we obtain that d ≤ q+1. Moreover, we get d = q+1
if and only if Nq(X
n) = Nq(Pn+1), which is equivalent to say that Xn
is a space filling hypersurface of Pn+1. 
Remark 5. From the proof of Case (2) of Theorem 1.2 in [8, §3.1]
it follows that if d ≤ q and Xn does not contain a linear Pn−1 then
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Nq(X
n) < Θd,qn . Therefore, if Nq(X
n) = Θd,qn and d ≤ q then there
exists at least a linear space Pn−1 in Xn.
Theorem 6 ([11]). Let Xn ⊂ Pn+1 be a hypersurface of degree d defined
over Fq. Then Nq(Xn) ≤ dqn+qn−1 + ...+q+1. Furthermore, if d ≤ q
then equality holds if and only if Xn is a union of d hyperplanes over
Fq that contain a common linear subspace of codimension 2 in Pn+1.
Proposition 7. Let Xn ⊂ Pn+1 be a hypersurface of degree d ≥ 2 and
dimension n ≥ 2 defined over Fq. If Nq(Xn) = Θd,qn and d ≤ q, then
Xn is covered by linear spaces of dimension n− 1.
Proof. By Remark 5 we know that there exists a linear L := Pn−1 in
Xn. Since Nq(L ∩Xn) = Nq(L) := d2, we have
Nq(X
n) =
[ ∑
Hi∈L?
(Nq(Hi ∩Xn)− d2)
]
+ d2 =
=
[ ∑
Hi∈L?
Nq(Hi ∩Xn)
]
− d2q =
=
[ ∑
Hi∈L?
Nq(Hi ∩Xn)
]
− (qn−1 + qn−2 + · · ·+ q + 1)q,
where L? denotes the set of hyperplanes of Pn+1 containing L. Then
we get[ ∑
Hi∈L?
Nq(Hi ∩Xn)
]
= (q + 1)(dqn−1 + qn−2 + · · ·+ q + 1)
and by Theorem 6 we deduce that Xn ∩ Hi = ∪dk=1Pn−1i,k for every
Hi ∈ L?. Thus we conclude that
Xn = Xn∩Pn+1 = Xn∩ (∪Hi∈L? Hi) = ∪Hi∈L? (Xn ∩Hi) = ∪i,k Pn−1i,k ,
i.e. Xn is covered by linear Pn−1’s. 
Remark 8. From the proof of Proposition 7 it follows that if Xn con-
tain a linear L = Pn−1 then for any H ∈ L? we have Xn∩H = ∪di=1Li,
where the Li’s are linear Pn−1 such that, after renaming, L1 = L and
all the Li’s meet in a common subspace Pn−2.
Proposition 9. Let Xn ⊂ Pn+1 be a hypersurface of degree d ≥ 2 and
dimension n ≥ 3 defined over Fq. If Nq(Xn) = Θd,qn and d ≤ q then
Xn is singular, that is, Sing(Xn) 6= ∅.
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Proof. By Remark 5 we know that there exists a linear L := Pn−1 in
Xn. Furthermore, from Remark 8 we deduce that Xn∩Hi = ∪dk=1Pn−1i,k
for every Hi ∈ L?. Thus consider two distinct hyperplanes H1, H2 ∈ L?
such that
Xn ∩H1 = ∪dk=2Pn−11,k ∪ L, Xn ∩H2 = ∪dh=2Pn−12,h ∪ L.
Since d ≥ 2, up to renaming, we see that there are two distinct linear
spaces Pn−11,2 ⊂ Xn ∩H1 and Pn−12,2 ⊂ Xn ∩H2 such that Λi := L∩ Pn−1i,2
is a linear space Pn−2 in L for i = 1, 2. Therefore we have
n− 1 = dimL ≥ dim(Λ1 + Λ2) = dim Λ1 + dim Λ2 − dim(Λ1 ∩ Λ2),
i.e. dim(Λ1 ∩ Λ2) ≥ n − 3 ≥ 0. This shows the existence of at least a
point p ∈ Λ1 ∩ Λ2 ⊂ H1 ∩H2 such that p ∈ L ⊂ Xn and the tangent
space TpX
n contains H1 and H2, i.e. H1 ∪ H2 ⊂ TpXn. This implies
TpX
n = Pn+1, i.e. p ∈ Xn is a singular point of Xn. 
Remark 10. Let Y n ⊂ Pn+1 be a hypersurface of dimension n over Fq.
Suppose that Y n is a cone CPk(Y n−k−1) over a hypersurface Y n−k−1 ⊂
Pn−k of dimension n−k−1 ≥ 2 with vertex Pk such that 0 ≤ k ≤ n−3
and Pk ∩Pn−k = ∅ in Pn+1. Then we have the following properties (see
also [8, (3.1),(3.2)]) :
(a) d := deg Y n = deg Y n−k−1;
(b) Nq(Y
n) = qk+1Nq(Y
n−k−1) +Nq(Pk);
(c) Nq(Y
n) = Θd,qn if and only if Nq(Y
n−k−1) = Θd,qn−k−1.
Proposition 11. Let Xn ⊂ Pn+1 be a hypersurface of degree d ≥ 2 and
dimension n ≥ 2 defined over Fq. If Nq(Xn) = Θd,qn and d ≤ q, then Xn
is a reduced hypersurface and the set of singular points Sing(Xn) of Xn
is a proper closed subset of Xn, that is, Sing(Xn) = Sing(Xn) ( Xn.
Proof. Suppose that Xn contains a nonreduced component. Then
d′ := degXnred < degX
n = d and Nq(X
n) = Nq(X
n
red), where X
n
red is
the reduced hypersurface obtained from Xn. By Theorem 6 we have
Θd,qn = Nq(X
n) = Nq(X
n
red) ≤ d′qn+qn−1+...+1 ≤ (d−1)qn+qn−1+...+1,
but this gives d ≤ 1, a contradiction. Thus Xn is a reduced hypersur-
face and the statement follows from [4, Theorem 5.3]. 
3. Proof of Theorem 1
Let us recall that from Proposition 4 it follows that d ≤ q + 1, with
equality if and only if Xn is a space filling hypersurface with Nq(X
n) =
Nq(Pn+1). Moreover, if d = 2 thenXn is a quadric hypersurface of Pn+1.
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Therefore, without loss of generality, we can assume that
3 ≤ d ≤ q.
Furthermore, by Proposition 11, let p ∈ Xn be a nonsingular point.
First of all, assume that n = 2, i.e. X2 ⊂ P3 is a surface. By [9, (3.8)]
there exists a plane H = P2 such that H ∩ X2 = l1 ∪ · · · ∪ ld with
∩di=1li = {p}, where the lj’s are d lines P1 in X2. Take a line L ⊂ H
such that L ∩ X2 = {p} and consider a pencil of planes Hi ∈ L? for
i = 1, ..., q + 1 with Hq+1 = H. Put Γi := Hi ∩ X2 ⊂ Hi = P2 for
i = 1, ..., q+ 1 and note that Γq+1 = l1 ∪ · · · ∪ ld. Furthermore, observe
that
Θd,q2 = Nq(X
2) =
[
q∑
i=1
(Nq(Γi)− 1)
]
+Nq(Γq+1) =
=
[
q∑
i=1
Nq(Γi)
]
− q + dq + 1,
i.e.
(*)
q∑
i=1
Nq(Γi) = [(d− 1)q + 1] q.
Claim 1. Nq(Γi) = (d− 1)q + 1 for every i = 1, ..., q.
Note that TpX
2 = H. Moreover, since p is a nonsingular point of X2,
we see that all the Γi’s are plane curves without linear components.
Thus if either q 6= 4 or d 6= 4, then Nq(Γi) ≤ (d − 1)q + 1 for any i =
1, ..., q. On the other hand, if q = 4 = d then Nq(Γi) ≤ (d−1)q+2 = 14.
Suppose, after renaming, that Nq(Γ1) = 14 and take a bitangent line
l′ ⊂ H1 to Γ1. Since d ≥ 3, by [9, (3.6)] we deduce that Hˆi ∩Xn has
not linear components for any Hˆi ∈ (l′)?. Thus we get
65 = Nq(X
2) = Nq(Γ1) +
∑
H1 6=Hˆi∈(l′)?
[
Nq(Hˆi ∩X2)− 2
]
≤
≤ 14 + 4(14− 2) = 62,
but this is a contradiction. Thus Nq(Γi) ≤ (d−1)q+1 for any i = 1, ..., q
and the statement follows from (*). Q.E.D.
From [6, §2] we know that any Γi is absolutely irreducible and
Nq(Sing(Γi) ∩ Γi) = 0 for i = 1, ..., q.
Claim 2. Nq(l∩Γi) ∈ {0, 1, d} for any line l ⊂ Hi = P2 with i = 1, ..., q.
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Assume that there exists a line l′ ⊂ Hi = P2 such that 2 ≤ Nq(l′∩Γi) ≤
d − 1 for some i ∈ {1, ..., q}. Consider a pencil Lj ∈ (l′)? of planes
Lj = P2 which contain the line l′. Then by [9, (3.6)] there is not a
plane Lj ∈ (l′)? such that Lj ∩ X2 contains a line. Thus by [7] we
conclude that
Θd,q2 = Nq(X
2) = Nq(Γi) +
∑
Hi 6=Lj∈l′?
[
Nq(Lj ∩X2)−Nq(l′ ∩ Γi)
] ≤
≤ (d− 1)q + 1 +
q∑
j=1
[(d− 1)q + 2−Nq(l′ ∩ Γi)] ≤ (d− 1)q2 + dq,
but this is a contradiction. Q.E.D.
Therefore, by counting the number δi of distinct lines l ⊂ Hi = P2 such
that Nq(l ∩ Γi) > 0 we have(
Nq(Γi)
2
)(
d
2
) +Nq(Γi) = δi ≤ Nq(P2∗) = Nq(P2) = q2 + q + 1,
where P2∗ is the dual of P2. This gives (d−1)q+1
d
+ d − 1 ≤ q + 1, that
is, d2 − 2d− (q − 1) ≤ 0. Hence 3 ≤ d ≤ √q + 1.
If d =
√
q + 1 then from [9] we know that X2 is a nonsingular
Hermitian surface. Finally, suppose that 3 ≤ d < √q + 1. By [1] we
see that
Nq(C) ≤ q + 1 + 2pC√q < (d− 1)q + 1
for any absolutely irreducible plane curve C, where pC =
(d−1)(d−2)
2
is
the arithmetic genus of C. Therefore, we obtain that
[(d− 1)q + 1] q =
q∑
i=1
Nq(Γi) ≤ [(d− 1)q]q,
which gives again a numerical contradiction.
All the above arguments show that if n = 2 then d ∈ {2,√q+1, q+1}.
Assume now that n ≥ 3. Since d ≤ q, from Proposition 7 we know
that Xn is covered by linear Pn−1’s and by Proposition 11 we can
consider a linear space L = Pn−1 which contains a nonsingular point
p ∈ Xn.
Let H0 be a linear Pn such that L ⊂ H0. By Remark 8 we get
Xn ∩H0 = ∪di=1Li with Li = Pn−1, L = L1 and ∩di=1Li := Λ = Pn−2 ⊂
L. Then we have two possibilities: (i) p ∈ Λ; (ii) p /∈ Λ.
In case (i), since n − 2 ≥ 1, we see that there exists a linear space
L′ = Pn−1 ⊆ H0 such that p ∈ L′, dim(L′ ∩ Li) = n− 2 for i = 1, ..., d
and dim(L′ ∩ Λ) = n − 3 ≥ 0. Note that L′ is not contained in Xn.
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Consider now a hyperplane Hi 6= H0 which contains L′. If there exists
a linear Pn−1i1 ⊆ Xn ∩ Hi, then there exist d linear spaces Pn−1ik such
that Xn ∩Hi = ∪dk=1Pn−1ik . Since
L′ ∩Xn = L′ ∩ (H0 ∩Xn) = L′ ∩ (∪di=1Li) = ∪di=1(L′ ∩ Li)
and p ∈ L′ ∩ Λ = ∩di=1(L′ ∩ Li), we deduce that p ∈ ∩dk=1Pn−1ik . Thus
the tangent space TpX
n contains L1 , L2 and Pn−1ij for some j = 1, ..., d
such that Pn+1 = 〈L1 ∪ L2 ∪ Pn−1ij 〉. This implies that Pn+1 ⊆ TpXn,
i.e. p ∈ Xn is a singular point of Xn, but this is a contradiction. So
Xn ∩ Hi has no Fq-linear components for any hyperplane Hi 6= H0
which contains L′.
Assume now we are in case (ii). Take L′ = Pn−1 ⊆ H0 such that
p ∈ L′ and L′ is as in case (i). Consider now a hyperplane Hi 6= H0
which contains L′. If there exists a linear Pn−1i1 ⊆ Xn ∩Hi, then there
exist d linear spaces Pn−1ik such that X
n ∩Hi = ∪dk=1Pn−1ik and p ∈ Pn−1ij
for some j = 1, ..., d. Since L1 ∩L′ = Pn−2 = L′ ∩ Pn−1ij and L1 6= Pn−1ij ,
we see that
n− 2 ≥ dim(L1 ∩ Pn−1ij ) ≥ dim(L1 ∩ Pn−1ij ∩ L′) = n− 2,
i.e. dim(L1 ∩ Pn−1ij ) = n − 2. Therefore, by taking H0 := 〈L1 ∪ Pn−1ij 〉,
we can repeat all the above arguments and this allows us to get to case
(i) again. Thus it follows that Xn ∩ Hi has no Fq-linear components
for any hyperplane Hi 6= H0 which contains L′.
In anyway, the above arguments show that in both cases we can
suppose that there exists a linear space L′ = Pn−1 ⊂ H0 not contained
in Xn such that p ∈ L′, Xn ∩ H0 is the union of Pn−1’s meeting in a
common linear subspace Pn−2 and Xn∩Hi has no Fq-linear components
for any hyperplane Hi 6= H0 which contains L′. This gives
Θd,qn = Nq(X
n) =
q∑
i=1
[
Nq(X
n ∩Hi)−Nq(∪dk=1L′ ∩ Lk)
]
+Nq(X
n∩H0) =
=
[
q∑
i=1
Nq(X
n ∩Hi)
]
−q(dqn−2 +qn−3 +...+1)+(dqn−1 +qn−2 +...+1),
i.e.
q∑
i=1
[
Θd,qn−1 −Nq(Xn ∩Hi)
]
= 0.
Since Nq(X
n ∩Hi) ≤ Θd,qn−1 for every i = 1, ..., q, we get Nq(Xn ∩Hi) =
Θd,qn−1. By an inductive argument, we conclude that d ∈ {2,
√
q+1, q+1}
for n ≥ 2.
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Finally, the next three results allow us to conclude the proof of The-
orem 1.
Proposition 12 (d = 2). Let Xn ⊂ Pn+1 be a hypersurface of degree
two without Fq-linear components and such that Nq(Xn) = Θ2,qn . If
n ≥ 2 then Xn is projectively equivalent to a quadric hypersurface
X0(a0X0 + ...+ an+1Xn+1) +X1(b0X0 + ...+ bn+1Xn+1) = 0,
with ai, bi ∈ Fq, which is nonsingular if and only if n = 2 and
det
(
a2 a3
b2 b3
)
6= 0.
Proof. From Remark 5 it follows that there exists a linear subspace
L := Pn−1 ⊂ Xn. Thus, after a change of coordinates, we can suppose
that L = {X0 = X1 = 0} and
Xn : X0L0 +X1L1 = 0,
where Li := Li(X0, ..., Xn+1) are homogeneous polynomial of degree
one. Write Li :=
∑n+1
j=0 α
i
jXj for some α
i
j ∈ Fq and F := X0L0 +X1L1.
Note that Xn = {F = 0} and
∂ ~F
∂X
:=

∂F
∂X0
∂F
∂X1
∂F
∂X2
...
∂F
∂Xn+1
 = A ·

X0
X1
X2
...
Xn+1
 =: A ·
t~x,
where A is the following (n+ 2)× (n+ 2) matrix
2α00 α
0
1 + α
1
0 α
0
2 . . . α
0
n+1
α10 + α
0
1 2α
1
1 α
1
2 . . . α
1
n+1
α02 α
1
2 0 . . . 0
α03 α
1
3 0 . . . 0
...
...
...
...
α0n+1 α
1
n+1 0 . . . 0
 .
Claim 3. Xn is singular ⇐⇒ detA = 0.
Assume that detA = 0. Then there exists ~y 6= ~0 such that A ·
t~y = ~0. Write ~y := (y0, y1, y2, ..., yn+1). If (y0, y1) 6= (0, 0), then
0 = det
(
α02 α
1
2
α03 α
1
3
)
= det
(
α02 α
0
3
α12 α
1
3
)
. This shows that there ex-
ists (z, w) 6= (0, 0) such that
(
α02 α
0
3
α12 α
1
3
)
·
(
z
w
)
=
(
0
0
)
. Thus
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the vector ~v := (0, 0, z, w, 0, ..., 0) is a nontrivial solution of F = 0
and ∂
~F
∂X
(~v) = A · t~v = ~0, i.e. Xn is singular. On the other hand, if
(y0, y1) = (0, 0) then ~y 6= ~0 is a solution of F = 0 and ∂ ~F∂X (~y) = A·t~y = ~0,
i.e. Xn is singular again.
Suppose now that Xn is singular. Then there exists ~x 6= ~0 such that
A · t~x = ~0 and this implies that necessarily detA = 0. Q.E.D.
If n ≥ 3, i.e. n + 1 ≥ 4, then the last three rows of A are linearly
dependent, i.e. detA = 0, and from Claim 3 we deduce that Xn is
singular. On the other hand, if n = 2 then X2 is given by
X0(α
0
0X0 + ...+ α
0
3X3) +X1(α
1
0X0 + ...+ α
1
3X3) = 0.
Hence by Claim 3 we see that
X2 ⊂ P3 is singular ⇐⇒ det
(
α02 α
0
3
α12 α
1
3
)
= 0
and this proves the last part of the statement. 
Proposition 13 (d =
√
q + 1). Let Xn ⊂ Pn+1 be a hypersurface of
degree
√
q + 1 without Fq-linear components and such that Nq(Xn) =
Θ
√
q+1,q
n . If n ≥ 2 then Xn is projectively equivalent to a cone over the
nonsingular Hermitian surface
X
√
q+1
0 +X
√
q+1
1 +X
√
q+1
2 +X
√
q+1
3 = 0.
Proof. If n = 2 then from [9] we know that X2 is a nonsingular Her-
mitian surface S in P3. Assume now that n ≥ 3.
By induction, suppose that any hypersurface Xn−1 ⊂ Pn of de-
gree
√
q + 1 without Fq-linear components and such that Nq(Xn−1) =
Θ
√
q+1,q
n−1 is
(∗) a cone over a nonsingular Hermitian surface S and projectively
equivalent to {f = 0} ⊂ Pn, where
f := (X0, ..., Xn) A
t(X
√
q
0 , ..., X
√
q
n )
and A is an (n+ 1)× (n+ 1) matrix such that tA = A(√q).
From the proof of Theorem 1 in §3, we know that there exist a
linear L11 = Pn−1 ⊂ Xn, a hyperplane H1 = Pn such that L11 ⊂ H1,
Xn ∩H1 = ∪
√
q+1
j=1 L1j with L1j = Pn−1, Λ1 := ∩
√
q+1
j=1 L1j = Pn−2 and a
linear L′ = Pn−1 ⊂ H1 such that L′ * Xn, Xn ∩ H ′ := Xn−1 has no
linear Fq-components for any hyperplane H ′ 6= H1 which contains L′
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and Nq(X
n−1) = Θ
√
q+1,q
n−1 , i.e. X
n−1 ⊆ H ′ = Pn is as in (∗) for any
hyperplane H ′ as above.
For i 6= 1, consider now a hyperplane Hi such that L11 ⊂ Hi. Hence
by Remark 8 we get Xn ∩ Hi = ∪
√
q+1
j=1 Lij, where Lij = Pn−1 and
Li1 = L11. Define Λi := ∩
√
q+1
j=1 Lij and note that Λi = Pn−2.
If for any Hi = Pn as above such that L11 ⊂ Hi we have Λi = Λ1 for
i = 1, 2, ..., q+ 1, then Xn = ∪q+1i=1
(
∪
√
q+1
j=1 Lij
)
with ∩i,jLij = ∩q+1i=1 Λi =
Λ1 = Pn−2. By taking a plane P = P2 such that P ∩ Λ1 = ∅, we see
that Xn is a cone with vertex Λ1 = Pn−2 over a curve Γ ⊂ P which
is the intersection set of all the Lij’s with P , i.e. Γ := P ∩ (∪i,jLij).
Therefore, we get
(d− 1)qn + dqn−1 +Nq(Pn−2) = Nq(X) = qn−1Nq(Γ) +Nq(Pn−2),
i.e. Nq(Γ) = (d − 1)q + d, where d = √q + 1. Moreover, observe that
Γ ⊂ P = P2 is a plane (√q + 1)-arc. Thus from [2] we know that
q ≡ 0 (mod d), i.e. q = h(√q + 1) for some h ∈ Z≥1. Hence we get
h = pt for some t ≤ s, where q = ps, but this gives the numerical
contradiction ps−t = p
s
2 + 1, since p ≥ 2 and s ≥ 2 even.
This shows that there exists at least a hyperplane Pn, say H2, such
that L11 ⊂ H2, Xn ∩ H2 = ∪
√
q+1
j=1 L2j, L2j = Pn−1, L21 = L11 and
Λ2 6= Λ1. Set W := L11 ∩ L12 ∩ L′ = Λ1 ∩ L′ = Pn−3 and define
Wij := V ∩ Lij.
If for every i, j, we have Wij = W , then X
n = ∪q+1i=1
(
∪
√
q+1
j=1 Lij
)
and
Pn−3 = W = ∩i,j (W ∩ Lij) ⊆ ∩i,jLij ⊆ (L11∩L12)∩(L21∩L22) = Pn−3,
i.e. W = ∩i,jLij = Pn−3. By taking U = P3 such that W ∩ U = ∅,
write S ′ := U ∩ (∩i,jLij). This shows that Xn is a cone with vertex
W = Pn−3 over a surface S ′ ⊆ U = P3 without linear Fq-components
and such that U ∩ Lij = P1 ⊂ S ′ for every i, j. Thus from Remark
10(c) it follows that Nq(S
′) = Θ
√
q+1,q
2 := (d − 1)q2 + dq + 1, i.e. S ′ is
a nonsingular Hermitian surface in P3 by [9].
Therefore, without loss of generality, we can assume thatW 6= W22 =
W ∩ L22 = Pn−4. So, after a change of coordinates, we can write
L11 = L21 = V (X1, X2), L12 = V (X1, X2 −Xn),
L22 = V (X2, X1 −Xn+1) and L′ = V (X0, X1).
Furthermore, since L′ ⊆ V (X0), observe that Xn ∩ V (X0) = Xn−1 is
as in (∗) by the inductive argument. So Xn := {F = 0} is defined by
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the following homogeneous polynomial
F := X0f0 + (X1, ..., Xn+1) A
t(X
√
q
1 , ..., X
√
q
n+1),
where f0 ∈ Fq[X0, ..., Xn+1] and A is an (n+ 1)× (n+ 1) matrix such
that tA = A(
√
q). Since H1 := 〈L11 ∪ L12〉 = {X1 = 0},
Xn ∩H1 =
(
∪
√
q+1
j=1 L1j
)
and Λ1 = {X1 = X2 = Xn = 0} = ∩
√
q+1
j=1 L1j,
we deduce that
Xn ∩ {X1 = 0} = Π
√
q+1
i=1
(
ai2X2 + a
i
nXn
)
.
This shows that
F = X0X1g0 + (X1, ..., Xn+1) A
t(X
√
q
1 , ..., X
√
q
n+1),
where g0 ∈ Fq[X0, ..., Xn+1]. Similarly, since H2 := 〈L11 ∪ L22〉 =
{X2 = 0},
Xn∩H2 =
(
∪
√
q+1
j=1 L2j
)
and Λ2 = {X1 = X2 = Xn+1 = 0} = ∩
√
q+1
j=1 L2j,
it follows that
Xn ∩ {X2 = 0} = Π
√
q+1
i=1
(
ai1X1 + a
i
n+1Xn+1
)
.
This gives
F = X0X1X2h0 + (X1, ..., Xn+1) A
t(X
√
q
1 , ..., X
√
q
n+1),
where h0 ∈ Fq[X0, ..., Xn+1]. Furthermore, by an inductive argument
we know that Xn∩{X0 − λX1 = 0} is also a Hermitian variety for any
λ ∈ Fq. Thus the polynomial
F¯ := λX21X2h0(λX1, X1, ..., Xn+1)
is Hermitian for any λ ∈ F∗q. Since F¯ does not contain the monomial
X1X
√
q
2 , we deduce that λX
2
1X2h0(λX1, X1, ..., Xn+1) is identically zero.
In particular, h0(λX1, X1, ..., Xn+1) is identically zero for any λ ∈ F∗q.
Hence (X0 − λX1) divides h0 for any λ ∈ F∗q. Since deg h0 =
√
q − 2 <
q − 1, we deduce that h0 is the zero polynomial, i.e.
F = (X1, ..., Xn+1) A
t(X
√
q
1 , ..., X
√
q
n+1).
This shows that Xn = {F = 0} is a cone over a Hermitian variety
Xn−1 for n ≥ 3 and by an inductive argument we can conclude that
Xn ⊂ Pn+1 is a cone over a nonsingular Hermitian surface X2 ⊂ P3. 
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Proposition 14 (d = q+1). Let Xn ⊂ Pn+1 be a hypersurface of degree
q + 1 without Fq-linear components and such that Nq(Xn) = Θq+1,qn . If
n ≥ 2 then Xn is a space filling hypersurface
(X0, ..., Xn+1) A
t(Xq0 , ..., X
q
n+1) = 0,
where A = (aij)i,j=1,...,n+2 is an (n + 2) × (n + 2) matrix such that
tA = −A and akk = 0 for every k = 1, ..., n+ 2. Moreover, we have the
following properties:
(1) Xn is singular if and only if detA = 0;
(2) if n is odd, then Xn is singular.
Proof. Let F = F (X0, ..., Xn+1) be a homogeneous polynomial of de-
gree q + 1 identically zero on Fn+2q . From the Polynomial Evaluation
Theorem [3, Theorem 8] we know that the ideal of the algebraic set
Pn+1 on Fq is generated by
{
XiX
q
j −XqiXj | 0 ≤ i < j ≤ n+ 1
}
. Thus
F =
∑n+1
i,j=0 aij(XiX
q
j −XqiXj), i.e. Xn is defined by
(X0, ..., Xn+1) A
t(Xq0 , ..., X
q
n+1) = 0,
where A = (aij)i,j=1,...,n+2 is an (n + 2) × (n + 2) matrix such that
tA = −A and akk = 0 for every k = 1, ..., n + 2. Write F = ~x A t~x(q),
where ~x := (X0, ..., Xn+1) and ~x
(q) := (Xq0 , ..., X
q
n+1). Then X
n is
defined by ~x A t~x(q) = 0 and we have
∂F
∂X0
...
∂F
∂Xn+1
 = A ·
 X
q
0
...
Xqn+1
 =: A · t~x(q).
Thus we see that Xn is singular ⇐⇒ detA = 0, and this proves (1).
Assume now that n is odd. To prove (2), by (1) it is sufficient to
show that detA = 0. If q is odd, then detA = det tA = det(−A) =
(−1)n+2 detA = − detA, i.e. detA = 0. Suppose now that q is even
and put m := n+ 2. Then tA = A and from
sgn(σ)
(
Πmi=1ai,σ(i)
)
= sgn(σ−1)
(
Πmi=1aσ(i),i
)
= sgn(σ−1)
(
Πmj=1aj,σ−1(j)
)
for any σ ∈ Sm, where Sm is the symmetric group, we deduce that
detA =
∑
σ∈Sm
sgn(σ)
(
Πmi=1ai,σ(i)
)
=
∑
σ∈Sm: σ=σ−1
sgn(σ)
(
Πmi=1ai,σ(i)
)
.
Note that any σ ∈ Sm such that σ = σ−1 is a product of distinct
transpositions and since m is odd, we deduce that there exists h ∈
{1, ...,m} such that σ(h) = h for every σ ∈ Sm such that σ = σ−1.
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Since ah,h = 0 for every h = 1, ..., n + 2, we conclude that detA = 0
and this proves (2). 
Finally, let us observe that Propositions 9, 14 and Theorem 1 give
Corollary 2 of the Introduction.
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